Abstract-In this paper, the problem of designing a switching policy for an adaptive switching control system is formulated as a problem of supervisory control of a Discrete-Event System (DES). Two important problems in switching control are then addressed using the DES formulation and the theory of supervisory control under partial observation. First, it is verified whether for a given set of controllers, a switching policy satisfying a given set of constraints on the transitions among controllers exists. If so, then a minimally restrictive switching policy is designed. Next, an iterative algorithm is introduced for finding a minimal set of controllers for which a switching policy satisfying the switching constraints exists. It is shown that in the supervisory control problem considered in this paper, limitations on event observation are the factors that essentially restrict supervisory control. In other words, once observation limitations are respected, limitations on control will be automatically satisfied. This result is used to simplify the proposed iterative algorithm for finding minimal controller sets.
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I. INTRODUCTION The control of a partially known plant has received considerable attention in the adaptive control literature. One of the relatively new lines of research in this area is switching control, which was motivated to weaken the classical a priori information required in classical adaptive control, and can be traced back to [1] . A switching control scheme for a family of plant models is studied by Miller and Davison in [2] , where it is assumed that the plant model at any time belongs to a finite set of known LTI models. Variation of system parameters is represented by a sudden change from one of the plant models to another in the set. Also, it is assumed a high-performance controller is designed for each plant in the family such that it stabilizes the corresponding plant model and destabilizes the other ones.
Example 1: Fig. 1 shows a system modeled by a family of 5 LTI plant models .Pi, . . ., P5 }. A set of 5 controllers Cl, . . . , C5 } forms the switching control structure. The pair Pi, Cj represents a stable closed-loop system if and only if i j. Suppose that the system is initially P1 and is stabilized by C1. Let the system change to P4 at some time instant, as indicated by the dashed arrow in Fig. 1 .
By assumption, the pair P4, C1 is not stable. It is shown in [2] , [3] that the instability can be detected after a finite time by comparing the resulting error signal with a proper upperbound signal. At [2] before the correct controller is found. The switching control structure introduced in [2] is referred to as a single-layer structure since it is composed of only one set of controllers. A multi-layer structure is proposed in [4] that can potentially reduce the number of unstable switchings. The first layer consists of a set of high-performance controllers similar to those in the single-layer structure. The nth layer (2 < n < p) consists of a set of simultaneous stabilizers, and it is assumed that the simultaneous stabilizer Cii2 ...in where i1, i2, , 2 n are n distinct integers, stabilizes plants Pi. Pi2 *... * Pin and destabilizes the other plant models. An algorithm is given in [4] for switching between the controllers of different layers which guarantees that with at most one unstable switching the system finds the correct first-layer controller.
In a switching control problem, it would be desirable to impose restrictions on transitions. For instance, to maintain the quality of the transient response, one may want to limit the total number of unstable transitions before the system locks onto the correct controller in the first layer. We refer to a switching policy that can find the correct controller without violating the desired restrictions on transitions as a proper switching policy.
The number of controllers in a multi-layer structure grows exponentially with the number of plants p. In practice, designing all of these controllers can be cumbersome and sometimes impossible. Furthermore, only a subset of all possible controllers may be sufficient to achieve the objectives, i.e., to meet the design specifications for transitions.
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FrIP4.2 45th IEEE CDC, San Diego, USA, Dec. [13] [14] [15] 2006 In this paper, we show that the problem of designing a proper switching policy can be formulated and solved as a problem of Supervisory Control of a Discrete-Event System (DES) under partial observation in the Ramadge-Wonham framework [5] . Two important problems in switching control are then addressed using the theory of supervisory control. First we study whether for a given set of controllers, a proper switching policy exists. If so, then we design a minimally restrictive switching policy. Next, we introduce an iterative algorithm for finding a minimal set of controllers, for which a proper switching policy exists. In this study, we show that in the supervisory control problem considered here, the normal sublanguages of the legal behavior are both controllable and observable. Loosely speaking, this means that the limitations on event observation are the factors that essentially restrict supervisory control, and once observation limitations are respected, limitations on control will be automatically satisfied. We use the above result to simplify the proposed iterative algorithm for finding minimal controller sets.
This paper is organized as follows. Section II briefly reviews the Ramadge-Wonham theory of supervisory control. Section III introduces a procedure for setting up the design of switching policy for a multi-layer switching control system as a supervisory control problem. Section IV presents the algorithms and methods to solve the problem of designing proper switching policies and finding minimal controller sets. The paper is concluded in Section V. [6] .
In the Ramadge-Wonham (RW) framework [5] , [6] , it is assumed that the plant is modeled as finite-state automaton G = (Q,Z,66qQm), where Q and E are the finite state and event sets, respectively. d: Q x E -> Q, qo 
Let the legal (marked) behavior be denoted by E C Lm (G). In the RW framework, the supervisor monitors the observable events generated by G and by disabling or enabling the controllable events in G, ensures that the system under supervision, denoted by (S/G), (i) satisfies the specification, (i.e. Lm(S/G) C E), and (ii) is nonblocking,
Let P: -* 0> Y denote the natural projection. Since by assumption, the supervisor can only monitor the observable events, for any s, s' C Z* with the same projection (Ps = Ps'), the supervisor decision (i.e., the set of enabled events)
should be the same. A supervisor satisfying this property is called feasible. The solutions to the problem of supervisory control can be described in terms of Lm(G)-closed, controllable, observable sublanguages of E [6] .
Definition 1:
There exists a feasible nonblocking supervisory control S for G such that Lm(S/G) = K if and only if (i) K is controllable (with respect to G),
Since the union of observable languages is not necessarily observable, the class of Lm(G)-closed, controllable, observable sublanguages of a given language does not necessarily have a supremal element. Therefore, an optimal solution for the supervisory control problem may not exist in general. A subset of solutions to the above problem can be obtained by replacing observability with the stronger normality property. The normality property is closed under union, and therefore, the class of normal sublanguages of a given language has a supremal element.
D Let E C Lmn(G) denote the legal behavior. Consider the following classes of languages:
As mentioned previously, the controllable, normal, and Lm(G)-closed sublanguages: Therefore, ET (if nonempty) characterizes the optimal closed-loop behavior. Furthermore, when the legal behavior is a regular language, then the supremal controllable, normal Lm(G)-closed sublanguage will also be regular. In this case, an optimal supervisor can be realized in the form of a trim finite-state automaton S such that the product G x S represents S/G, with Lm(S/G) = ET and L(S/G) = ET. Note that if a language K is Lm(G)-closed, then so is Sup'KIG(K). Therefore (for E C Lm(G)):
SapKJ'KG(E) = SaPP'G(SUPdG(E)). (2) III. MODELING SWITCHING CONTROL AS A DES SUPERVISORY CONTROL PROBLEM In this section, we consider the multi-layer switching control as introduced in [4] and show how the synthesis of switching control policy can be cast as a problem of supervisory control of DES. a) Multi-layer Switching Control Formulation: Consider a given finite set of finite-dimensional, LTI plant models (with bounded disturbance) II: {Pi 1 i < p}, and assume that at any time t, the real plant model, P(t), belongs to this set, i.e. P(t) e 171. Let 
D
As mentioned before, initially, the plant and the controller match. In this case, controller switching is not performed unless the plant model changes and an instability event ur,, is generated. As discussed earlier, after every controller switching, the switching control system waits for the corresponding response event (or, or or) to be generated before the system orders a controller switching (if necessary). The above behavior (and restriction) is modeled by the automaton SUDES in Fig. 3 . Finally, the complete plant model, represented by G, is built as G = PCNDES lSUDES. In G, the initial state (P1, C1, 0) and all states (Pi, Ci, 2) (2 < i < p) which correspond to the states in which the plant and controller match and the response (7, has been generated are marked. (1)(7(1) ... c(l)f(7)cias with C(i) C Z1, C(i) C Zr
(1 < j < 1).
In summary, the final DES model will be an automaton G = (Q, Z, , qo, Qm One of the main advantages of transforming the switching control problem to a DES problem is the systematic procedure for representing various design specifications and designing supervisors (switching policies) to meet the specifications. For instance, suppose that it is desired to have at most one unstable switching in the process of searching for the correct first-layer controller. Fig. 5 shows the design specification modeled as a DES. Note that the specification model counts two unstable events, because the first unstable event (7U) happens after the plant model changes and is not considered an unstable switching. 
IV. DESIGNING SWITCHING POLICIES
In this section, two main problems in switching control are addressed. First, given a set of controllers and specifications, it is desired to determine if it is possible to design a switching policy to satisfy the specifications and if so, to find a minimally restrictive proper switching policy. Second, assuming the answer to the first question is affirmative, it is desired to find a minimal subset of controllers for which a proper switching policy exists.
A. Minimally Restrictive Switching Policy
In the previous section, it was shown how the problem of finding a multi-layer switching policy can be converted to a problem of supervisory control of DES under partial observation. The solution obtained for the supervisory control problem would be a supervisor that monitors the observable events unfolding in the plant under control and enables or disables "controller switching" commands to make sure the design specifications (restrictions on transitions) are met and the DES system under supervision is nonblocking (i.e., the appropriate first-layer stabilizing controller can be put into feedback loop). Note that at any given time, the supervisor may enable transitions to more than one controller which means that all enabled transitions would be acceptable and would not violate design specifications. 
it is necessary to perform the procedure for all initial pairs (Pi, Ci) (i C p-). ( In other words, Problem 1 has to be solvable for any initial plant/controller pair (Pi, Ci).) Example 3: Consider the set of plants {P1, P2, P3, P4} and the controllers {C1, C2, C3, C4, C23}. The objective is to design a switching policy that can ensure that starting from the initial plant/controller (P1, C1), if plant model changes, the system switches to the stabilizing first-layer controller with at most one unstable switching.
The plant G in this example has 34 states and 81 transitions. The design specification is captured in the DES in Fig. 5 , which we call SPECU. Then, the legal behavior E will be E = Lm(G) n Lm(SPECU). E is Lm(G) -closed since Lm(SPECU) is closed. Next, using (4) and the procedure in [8] , we design a minimally restrictive supervisor. The supervisor has 37 states and 169 transitions. Part of the plant and the supervisor models are shown in Fig. 6 and 7 , respectively. Let us follow the switching procedure and see how the supervisor enforces the specification by enabling and disabling the controllable events. At first, both plant and supervisor are in their initial states 0 and 0. Next, assume that the plant model changes to P3. Accordingly, the DES G moves to state 2. Note that the plant changing event P3 is unobservable and appears as a selfloop in the supervisor (Fig. 7) . Therefore, the supervisor's state remains unchanged. At the next step, instability event or,, occurs. Thus, G and S go to states 5 and 1, respectively. At state 5 of G any of the switching commands C2, C3, C4, C23 can happen. On the other hand, the supervisor in its state 1 disables all the switching controller commands except c23. Therefore, the plant G will go to state 10 and the supervisor will go to state 2 by switching to controller C23. At the next step, the stability event or, occurs. Hence, the supervisor goes to state 4 and G goes to 15. At this state, the supervisor permits only c2 and C3 to happen, making no difference between either one. Suppose the controller switches to C3, and accordingly the DES G goes to state 18 and the supervisor to 11. Again, (7s happens and the DES G and the supervisor go to states 21 and 13, respectively. Note that state 21 is marked and the controller C3 matches the plant model P3. It can be seen from Fig. 6 and 7 prevent unnecessary switching among stabilizing controllers and the resulting (possibly large) transients [7] , [9] .
B. Finding a minimal controller set
Now we examine the problem of finding a minimal set of controllers for which there exists a switching policy that satisfies the design specifications.
Problem Example 4: Consider a problem with three plants {P1, P2, P3}. Suppose K in Fig. 8 is the legal behavior. It can be verified that K is (L(G), P)-normal. Let K' be the new legal behavior obtained by removing c32 from the set of controller commands (Fig. 9) . K' is not (L(G'), P)-normal since for instance, P27uC2 C K', p30uC2 C P-1P(p20uc2)n L(G') but p3ruC2 C K'. Example 5: It is desired to find a minimal set of multilayer controllers for five plants. The design specification is to have a maximum of one unstable switching. Using the algorithm described in [4] , one can arrive at the set of controllers C1, C2, C3, C4, C5, C234, C34, C345, C512, and C12, for which a proper switching policy exists (starting from any initial pair (Pi, Ci)). Now, using Algorithm 2 we can conclude that only C34 can be removed from the controller set to have a minimal set of controllers. D V. CONCLUSION In this paper, it is shown that the design of a switching policy for switching control systems can be cast as a problem of supervisory control of a discrete-event system. Using this result a procedure is derived for designing a minimally restrictive switching policy satisfying restrictions on controller switchings. A procedure is also given to find a minimal set of controllers for which a switching policy satisfying the design specifications exists.
